In the paper we applied a variant of the T matrix method, the null field method with discrete sources (NFM DS) and the discrete sources method (DSM) to model light scattering by a particle near a plane surface in an evanescent wave field. Such investigations have a great practical value for total internal reflection microscopy (TIRM). The numerical algorithms of DSM and NFM DS have been modified to model the specific conditions of real measurement experiments carried out in Stuttgart University. Objective response and scattering cross section have been calculated. Numerical results of both methods have been compared and demonstrate good agreement with measurements.
Introduction
Evanescent wave scattering by a single particle nowadays is widely used in different technical, optical and biological applications. Evanescent wave scattering is the base for especially sensitive microscopic techniques, as it allows to detect scattering from very small objects, whose detection in any other way is very complicated or impossible. One of such techniques is total internal reflection microscopy (TIRM). Since its invention in the mid-eighties [1] TIRM appears to be a suitable and very sensitive technique to measure weak interaction forces between colloidal particles and plane surface [2] . Recent reviews of the TIRM technique can be found in [3] [4] [5] .
In a TIRM-based experimental setup typically a laser beam propagates in the glass prism and hits the prism-water interface with an angle slightly larger than the angle of total internal reflection. As a result an evanescent field is generated at the interface and decays into the water. If a colloidal particle having a larger refractive index than water is in the vicinity of the interface, it will scatter light from the evanescent field.
The scattered light can be detected by a photomultiplier. Due to the strong dependence of the evanescent fields intensity on the distance from the interface, the scattered light contains information about the distance between particle and interface. Thus single particle evanescent light scattering is an efficient tool to monitor the Brownian motion of spherical colloidal particles perpendicular to the interface with a resolution in the 10 nm range. However, for correct interpretation of measurement results, precise knowledge of the scattered intensity dependence on the particle-surface distance is required. This can be provided in two independent ways by the light scattering models described here.
To model evanescent light scattering by a particle on a surface we applied two different methods, used by our group: discrete sources method (DSM) [6, 7] and a variation of the T-matrix method called null-field method with discrete sources (NFM-DS) [8] . Both methods have been previously applied to model evanescent light scattering [9] [10] [11] . To satisfy the specific conditions of real TIRM experiments carried out in Stuttgart University [12] we modified the numerical algorithms to take into account all details, like the presence of a polarizer and the numerical aperture of an objective lens.
To verify the correctness of the calculations of an algorithm we use at least two different methods to model new particle geometries. For this purpose, we describe in the following two methods for calculating TIRM scattering responses. First we will discuss the theoretical foundations of DSM and NFM-DS in the following sections. The computer codes of the methods are completely different and independent of each other. Then we present numerical results and comparisons between both methods and measured experimental results together with a short discussion.
Mathematical formalism
Consider an axial symmetric particle with interior domain D i and smooth boundary qD placed above the plane surface S. The upper half-space corresponding to the ambient medium is denoted by D 0 , while the lower half-space corresponding to the glass prism is denoted by D 1 . Let us introduce a Cartesian coordinate system Oxyz by choosing its origin O at the intersection point of the axis of symmetry of the particle and the plane S. The z-axis coincides with the axis of symmetry and is directed into domain D 0 so that the plane z ¼ 0 corresponds to the S plane. Now we would like to describe theoretical basis of both methods.
Discrete sources method
We assume that the exciting field fE i 1 ; H i 1 g is a plane wave propagating from D 1 at angle y 1 with respect to the z-axis and transmitting at the interface following Snell's law.
Then the mathematical statement of the scattering problem can be formulated as follows:
Additionally radiation conditions at infinity have to be considered. Here, n is the outward unit normal vector to qD, k ¼ o=c and fE z ; H z g stands for the total field in the corresponding domain D z . Note that the total field in D 0 is a superposition of the refracted incident field fE We construct an approximate solution to the scattering problem (4) according to the DSM outlines [7] . The amplitudes of discrete sources (DS) are determined from the boundary conditions at the particle surface, which can be rewritten as
To construct the fields of dipoles and multipoles analytically satisfying the transmission conditions at the plane interface S we apply the Green tensor for a stratified interface [6] 
An approximate solution takes into account an axial symmetry of the particle and the polarization of an external excitation. Let us consider P-polarized excitation. In this case the external excitation is a transmitted plane wave which accepts the form E
Here Z B ¼ e B m B p is the associated refractive index of D B ; y 0 is a refraction angle for the wave coming into D 0 . The refraction coefficient T P 1;0 can be written as T P 1;0 ¼ 2n 1 cos y 1 =ðn 1 cos y 0 þ n 0 cos y 1 Þ: Snell's law in this case gives sin y 0 ¼ ðn 1 =n 0 Þ sin y 1 . Since jn 1 j4jn 0 j from a certain incident angle y 1 Xy 1C on, j sin y 0 j41. Then in the upper half-space an evanescent wave appears, which is concentrated along the interface and exponentially decays along the normal to the interface.
In this context, for P-polarized external excitation we should use the following electric and magnetic vector potentials: 
where g e;h m ; f m Fourier harmonics of the corresponding Green tensor components are given by
Here 
For the total field inside the particle we define the following vector potentials: 
we can represent the approximate solution to the scattering problem for P-polarized excitation as
The case of an S-polarized excitation can be considered in a similar way [9] . Now we would like to briefly describe the numerical realization of the computational algorithm. As mentioned, the above representation (10) satisfies all the conditions of the scattering problem (1) except the transmission conditions at the particle surface (2). These conditions are used to determine the unknown amplitudes of DS fp 0;i mn ; q 0;i mn ; r 0;i n g. Since the scattering problem geometry is axially symmetric with respect to the z-axis and DS are distributed over the axis of symmetry, fulfilling the transmission conditions (2) at surface qD can be reduced to a sequential solution of the transmission problems for the Fourier harmonics of the fields. So, instead of matching the fields on the scattering surface, we can match their Fourier harmonics separately thus reducing the approximation problem on the surface to a set of problems enforced at the particle surface generatrix I. By solving these problems one can determine the DS amplitudes fp
For the determination of amplitudes the generalized point-matching technique is used [7] . The DSM is a direct method and hence it allows to solve the scattering problem for the entire set of incident angles y 1 and for both polarizations (P and S) at the same time. Besides, the numerical scheme provides an opportunity to control the convergence of the approximate solution to the exact one by a posterior error estimation [7] .
After the amplitudes of the DS are determined, the far field pattern E 1 ðy; jÞ of the scattered field can be calculated. It is determined at the upper part of the unit semi-sphere O ¼ f0 pyo90 ; 0 pfp360 g and is given by Here F P;S ðy; jÞ ¼ F P;S y e y þ F P;S j e j ; e y ¼ e x cos y sin j þ e y cos y sin j À e z sin y; e j ¼ Àe x sin j þ e y cos j.
By asymptotical estimation of the Weyl-Sommerfeld integrals involved in (7) the representation of the elements of the far field pattern takes the form of a finite linear combination of elementary functions [9] 
Here the associated functions accept the form
Null-field method with DS
For modeling the scattering problem in the framework of the NFM-DS we use the same notations as before but we choose the origin O at the distance z 0 above the plane interface. The angle of the incident wave with respect to the axis of symmetry is b 1 , the angle of the refracted wave is b 0 . Since, the basic formulae for Mie scattering of evanescent waves result from analytic continuation of the standard case of plane wave excitation, we represent the external excitation as a series of regular spherical vector wave functions (SVWF) M 
Here D mn 0 is a normalization constant and is given by 
In the above equation E b 1 and E a 1 are the parallel and perpendicular components of the electric field, respectively, p 
where M 3;R mn ðk 0 rÞ and N 3;R mn ðk 0 rÞ denote the radiating SVWF reflected by the surface. For r inside a sphere enclosed in the particle and a given azimuthal mode m the reflected SVWF are given by 
Substituting (15) in (16) we get a representation of the interacting field in terms of regular SVWF, i.e.
where
In the extended boundary condition method the scattered field coefficients are related to the expansion coefficients of the fields striking the particle by the transition matrix. For an axisymmetric particle the equations become uncoupled, permitting a separate solution for each azimuthal mode. For a fixed azimuthal mode m we truncate the expansions given in (12) , (14) and (17) and get the following matrix equation for the scattering problem:
Here, m ¼ ÀM; M and n; n 0 ¼ 1; N where M is the number of azimuthal modes and N is the truncation index. The expansion coefficients of the interacting field are related to the scattered field coefficients by a so called reflection matrix ½A mn 0 n , that is,
The scattered field coefficients e mn and f mn are obtained by combining matrix equations (18) and (19). The explicit form of the reflection matrix is
The expressions for the elements of the reflection matrix are 
with the Fresnel reflection coefficients
The far field scattering patterns are estimated using the amplitude matrix F. The relation to the calculated incident and scattered fields E 
The main steps of the NFM-DS approach are summarized as follows: calculation of the transition matrix which relates the expansion coefficients of the fields striking the particle to the scattered field coefficients; calculation of the reflection matrix characterizing the reflection of SVWF by the surface; computation of an approximate solution of the governing matrix equation and extrapolation of the scattered field to the far field. Fig. 1 schematically shows the experimental setup typically used for TIRM measurements. A particle within a medium (usually water) is subject to Brownian fluctuations about a distance, e.g. z in Fig. 1 , above a prism. It will be illuminated by an evanescent wave, which is caused by the total reflection of the incident wave on the prism-water interface with an angle y 1 4y c , y c ¼ arcsinðn wat =n pri Þ. y 1 in Fig. 1 corresponds to b 0 in our mathematical description of NFM-DS. Recall that y 1 ¼ b 0 ¼ 0 corresponds to a plane wave propagating normally to the prism surface. More information about the experimental setup and method can be found in [12] .
Results and discussion
We use an exciting plane wave with a free space wavelength of l ¼ 658 nm and a glass prism having a refractive index of n pri ¼ 1:515. To demonstrate the simulation capabilities of both methods we have chosen polystyrene latex particles with refractive index n i ¼ 1:59 which are located in water with refractive index 
where F P;S y;j ðy 0 ; y; jÞ are the components of the far field pattern for P (11) and S polarized incident waves, in a spherical coordinate system y; j.
Using a polarizer with a polarizing angle j, the desired intensity of the scattered light (26) takes the following forms:
For example, if j ¼ 0, the polarizer is parallel to the scattering plane.
In the paper we will also examine the objective response function, which is plotted as a function of particle-prism distance z. It represents the detector integrated intensity scattered into the prescribed solid angle of the detector
where O ¼ f0 pyo90 ; 0 pfp22:08 g, which corresponds to the numerical aperture of objective lens NA ¼ 0:5. The integral response is used to evaluate scattered intensity captured by objective lens [12] .
In DSM the number of matching points where the DS amplitudes are defined is increased until the necessary accuracy of the results is achieved. The DS number usually is 2-3 times less than the number of matching points on the particle generatrix. As a rule the DS are deposited on the axis of symmetry inside the particle. The order of multipoles (M) is a priori defined from the condition that the plane wave approximation should be less than 0.1%. The detailed algorithm of matching point's choice and deposition is described in [6] .
In NFM-DS the series of SVWF are truncated a priori at an expansion order n 0 ¼ Nrank related to the Wiscombe criterion Nrank ¼ x þ 4x 1=3 þ 2 [13] , x is the size parameter. The azimuthal index is truncated at m ¼ 0; AE1; AE2; . . . ; AEMrank. A convergence procedure runs from m ¼ 0 to find reliable estimates of Mrank.
In Fig. 2 we compare the scattering diagrams of DSM and NFM-DS for a particle of d ¼ 1:6 mm (Mie parameter x ¼ 10). The particle is located at z ¼ 200 nm above the glass surface. There is perfect agreement between the results from those different programs. Both curves show a maximum of intensity at y ¼ À80
(SS polarization) and y ¼ À70
(PP polarization) in the same direction as the incident beam. In the backward direction at about yX60 , there are oscillations stemming from interference between light scattering from the particle and the prism-water interface. The small differences of the curves for scattering angels nearly parallel to the interface are not significant because the objective response function for an aperture of NA ¼ 0:5 (fp22:08
). Fig. 3 shows the calculated integrated scattering intensities (Eq. (27)) versus particle-prism distance for a particle with d ¼ 3:0 mm (Mie parameter x ¼ 19). One can see a perfect agreement between both methods in this case as well. The intensity maximum of the curves would be expected to be located exactly at the interface (z ¼ 0); however, it is located slightly above. Another unexpected result is the oscillations at about z % 0:4 . . . 0:7 mm. The oscillations are attributed to scattering interaction between the particle and the plane interface. As a consequence, the intensity does not decay exponentially in this particular case (see the full line in Fig. 3) .
In Fig. 4 , the calculated scattering intensities (Eq. (27)) versus particle-prism distance are compared to the measured one. The measurements were carried out in Stuttgart University. A detailed description of how the intensity distance relation can be obtained from TIRM measurements will be given in a forthcoming article. The used particle diameter in the experiment is d ¼ 1:36 mm (Mie parameter x ¼ 8:7). From the comparison one can see that the simulated results are in good agreement with the experimental ones. To summarize these findings, we would like to mention that two different methods have been applied to model existing conditions of TIRM experiment. Simulation results of NFM-DS and DSM demonstrate perfect agreement between each other and also with measurements. In future we plan to go further and apply our methods to model different kinds of particles on substrate used for TIRM and investigate the dependence of the superimposed oscillation (phase, amplitude) on experimental parameters like particle size, incident angle and polarization.
Conclusion
In this paper the null-field method and discrete sources method have been applied to model evanescent wave scattering by a particle for TIRM experiments. The numerical algorithms of DSM and NFM-DS have been modified to take into account features of real measurement setup. Objective response and scattering crosssection have been calculated. Numerical results of both methods demonstrated good agreement with each other and with experimental data. ).
